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ABSTRACT. We consider a multidimensional Burgers equation on the torus T d 
and the whole space R d . We show that, in case of the torus, there exists a unique 
global solution in Lebesgue spaces. For a torus we also provide estimates on the 
large time behaviour of solutions. In the case of R d we establish the existence 
of a unique global solution if a Beale-Kato-Majda type condition is satisfied. To 
prove these results we use the probabilistic arguments which seem to be new. 

In this paper we are concerned with the following multidimensional Burgers 
equation: 

(~) r t ft ft 

(O.i) JL+^yJl^Au' + z*, ,te[0,T] 

3=1 3 

u(0) = uq, i = 1, . . . , d, x G O, 
u E L p (0,R d )J £ L p (0,T;L p (O,R d )),p>d, 

where O is either the torus T d or the full space M. d . Equations of this type arise 
in the theory of conservation laws, see for example [17 ] and are also known as 
simplified models of turbulence. 

If the external force / is of potential type, / = VU and the initial condition no = 
V£/o is of gradient type as well, the existence and uniqueness of solutions is well 
known, see for example [18 ] and references therein. These assumptions however, 
are too restrictive in many problems. For example the Burgers equation with data of 
non-potential type arises in some problems of gas dynamics and inelastic granular 
media (see [2]). It is also important to consider a more general Burgers equation 
in the analysis of turbulence. The question of the existence and uniqueness of 
solutions in case of data /, uq of non-gradient type seems to be completely open. In 
this paper we will consider a general case, where / and no need not be of gradient 
type. Our main result is that under some, rather mild conditions, the existence of a 
unique global solution in the whole space is implied by a version of the Beale-Kato- 
Majda condition, that is well known in the theory of the Navier-Stokes equation. 
Also we prove, without any additional assumptions, the existence and uniqueness 
of global solution of Burgers equation on the torus. In the last part of this paper we 
obtain an upper bound for the growth of solutions for time tending to infinity. 
Let us recall some standard notations that will be used throughout the paper. Sup- 
pose that H a 'P(0) - closure of Cg°(0) w.r. to the norm 1 1/| = ||(J- A)§ f\\ p , 
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a G M, p > 1. In what follows we use the notation F(u,v) = (uV)v, 
F(u) = F(u,u),-' = l t . 

Definition 0.1. We say that u G L°°(0, T; L p (0, R d )) w a mild solution of 
Burgers equation with the initial condition uq G L p (0,M. d ) and force f G 
L 1 (0,T;LP(O,]R d )) i/f(u) G L^O, T; M d )) and u satisfies following 

equality 

t 

(0.2) = S?u - J S?_ s (F(u(s)) - f(s))ds,te [0,T]. 

o 

where {S" = e ut ^}t>o ■ O — > ~R d is a heat semigroup on O. We assume that 
acts on vector functions componentwise. 

1. Local existence of solution 

The local existence of solution to Burgers equation in L p (0, M. d ) spaces can be 
shown in the same way as for the Navier-Stokes equation (see ll^,ll^, l[T11 . |[T2l . lfT3l 
and others). Here we only state main points of the proof following the work of 
Weissler 02). 

We will use following abstract theorem proved in lfT2l (p.222. theorem 2), see 
also [3 and fill . 

Theorem 1.1. Let W, X, Y, Z be Banach spaces continuously embedded in some 
topological vector space X. R t = e tA ,t > ObeCo -semigroup on X, which satisfies 
the following additional conditions 

(al) For each t > 0, Rt extends to a bounded map W — > X. For some a > there 
are positive constants C and T such that 

(1.1) \Rth\x < Ct- a \h\ w ,he W,t G (0,T]. 

(a2) For each t > 0, Rt is a bounded map X — > Y. For some b > there are 
positive constants C and T such that 

(1.2) \R t h\ Y < Ct~ b \h\ x ,h£ X,t G (0,T]. 
Furthermore, function \Rth\y G C((0,T]),h G X and 

(1.3) lim t b \R t h\ Y = 0,V/i G X. 

(a3) For each t > 0, Rt is a bounded map X — > Z. For some c > there are 
positive constants C and T such that 

(1.4) \R t h\ z <cr c \h\x,heX,te(0,T}. 

Furthermore, function \Rth\z G C((0, T]),h G X and 

(1.5) lim t c \R t h\ z = 0, V/i G X. 
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Let also G :Y x Z — > W be a bounded bilinear map, and let G(u) = G(u, u),u G 
Y n Z, f G L°°(0, T; W). Assume also thata + b + c<l. 

Then for each uo G X there is T > and unique function u : [0, T] — > X smc/z 
f/iaf: 

(a) u G C([0,T],X), «(0) = «q. 

(b) w G C((0,T],Y), lim t 6 Kt)|y = 0. 

(c) u G C((0,T],Z), lim t c \u(t)\ z = 0. 
(d) 

t 

u(t) = R t u + y R^ t (G(u(t)) + /(r))dT, * G [0, T] 
o 

Remark 1.2. Weissler [12] considers only the case of / = 0. The general case 
follows similarly (see appendix for the proof). 

In the next proposition we will summarize properties of heat semigroup S% = 

e utA ,t>0onO. 

Proposition 1.3.(i) 

(1.6) \V m e tA h\ Lq{OMd ) < ct-T-£\h\ LP(0 ^ d )s t G (0,T], 

- = ---, Kp<g<oo,/iG ). 

(1.7) t Hm tT + ^|V m e tA /i| L9(0iRd } = 0, /i G L p (0,M d ). 

(ii) Lef p G (1, oo) a«<i a < f3. Then for any t > e* A £j a bounded 
map H a 'P(0,R d ) -► H^ p (0,R d ). Moreover, /or eac/j T > f/iere exwte 
C = C(p, a, 0), such that 

(1.8) 

|e* A ^, W d ) < ^(«-^/ 2 |% ail)(0|I1 , )) ^ G (0, T], /i G F Q ' p (0,IR d ). 
Fwrt/jermore, 

(1.9) lim t (/3 - a)/ V A /i| H/3 , P = 0, fee # a ' p (0,IR d ). 

(iii) Le?p G (l,oo). Then for any t > 0, e* A : L p (0,R d ) -> ij a 
bounded map. Moreover, for each T > ?/iere exists C = C(p, T), such that 

(1.10) |e tA ^i jP(0)Rd) <aH|/i| LP(0!Rd) ,tG (o,r],^Gi/(o,M d ). 

Fwrt/iermore, 

(1.11) lim + d\e tA h\ H i, P(0)Rd j = 0, /i G L p (0, R d ). 

Proof. The results above are well known in case of = M d . If = T d then the 
lemma is well known for the Dirichlet boundary conditions, see for example books 
by Lunardi: Analytic semigroups and optimal regularity in parabolic problems or 
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by Souplet: Superlinear parabolic problems. Analogous statements for the periodic 
Laplacian follow easily by the same method. □ 

Now we can formulate the theorems: 

Theorem 1.4. For all u G LP(0,R d ), f G L°°([0, T], L% (O, R d )),p > d 
there exists Tq = Tq{v, \uq\u>(p^<i )> l/l^^^^ ) > such that there exists 

unique mild solution u G L°°(0, To; L p (0, R d )) of Burgers equation. Further- 
more 

(a) u : [0, To] — > L p (0, R d ) jj continuous and u(0) = uq. 

(b) u : (0, To] — ► L 2p (C,R d ) « continuous and limt 3 p|n(t)| i 2 P (0 igd ) = 0. 

(c) u : (0,To] — > H 1,p (0, R d ) continuous and J™^ 5 l u (^)|i?i>p(0,R<* ) = 0- 

Proof of Theorem\L4\ We use theorem CD) with following data X = L P (C, M d ), 
y = L 2p (C,M d ), Z = H 1 'f(0,M < '), W = L^(C,R d ). Then it follows 
from Holder inequality that F : L 2 P(0,R d ) x ) -> T^ (0,M d ) is a 

bounded bilinear map. Conditions (11.11 ) is satisfied with a = j- by estimate (11.6I ). 

Conditions ([TT2l,([TT3l are satisfied with b = ^ by (fL6l) and (11.7I ). Conditions 
(fL4l).(fl31) are satisfied with c = | by (OOl and (fTTTTb . □ 

Corollary 1.5. Le? p > d, G (0,1), «o € T p (0,M d ), / G 
L°°([0,T],Lf ) n L p (0,M d )), / G C e ([e, T], T P (C, M d )), Ve > 

0. 77jctz f/j(?r<? exz'rf T 2 > «<c/z f/za/ u G ^((O, T 2 ]; L P (C, M d )) n 
C((0, T 2 ];H 2 >P(0, R d ))nC e {[e, T 2 ],H 2 >p{0, R d ))nC 1+e ([e, T 2 ],LP(0, R d )), 
Ve > and u satisfies Burgers equation 

(1.12) u' = i/Au-.F(u(t)) + /(*), 

Proo/ By theorem O we have that u(t) G L 2p (C, M d ), t G (0,T ]. Let 
us show that there exist Ti such that u G C((0, Tl], H l > 2p (0, R d )) and 
limta Itt^ljyi^p^o^d ) = 0. We apply Theorem 11.11 with following data X = 

y = LP(C,M d ), Z = fl rl ' 2 ^(0,R rf ), W = Lir(0,R d ). Then it follows 
from Holder inequality that F : W(0, R d ) x H l > 2 P (O, R d ) —* (O, R d ) is a 
bounded bilinear map. Conditions (11.11 ) is satisfied with a = ^ by estimate (11.6I ). 
Conditions dl.2b . dl.3b are satisfied with arbitrary b > because heat semigroup is 
analytic on L p (0,R d ). Conditions (fL4l).([T3T) are satisfied with c = \ by d 1.10b 
and (fTTTTb . 

As the result by part c of the Theorem 11.11 we get existence of T\ such that 

u G C((0,T 1 ],H 1 ' 2 P(O,R d )) and limt3|«(t)| H i,ap( 0jR d ) = 0. Put T 2 = 
min{T,T ,Ti}. 
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Therefore, we have 

Tz 

\^( u )\L 1 (0,T 2 ;LP(O,R d )) < J \ u ( s ) li 2 P(0,K d ) \^ u \ L 2 p (O ,R d 



T 2 

f 1 A i 

- / ^5^ su P( s4 H u ( s )li2 P (o j Md))sup(s2|u(s)| Hl ,2 J , (e , >K <i ) )ds 
o s 

_d_ i 1 d 

(1.13£ sup(s 4 p|«(s)| L 2 P(c , )B ,d ) )sup(s2|u(s)| fl -i,3 P ( 0jB ,d ))r 2 2 *P < oo 



Let us show that F(u(-)) : [e, T 2 ] — ► L p (0,R d ) is a Holder continuous for any 
e > 0. Then the result will follow from theorem 4.3.4, p. 137 in HH, (11.131 ) and 
assumption / G L 1 ([0, T]; M d )) n C e ([e, T],L p (0, R d )), Ve > 0. Since 

F : H x ' 2p {0, R d ) L p (C, R d ) is locally Lipschitz it is easy to notice that it is 
enough to prove that u : [e, T 2 ] — ► H l,2p (0,R d ) is a Holder continuous for any 
e > 0. Since we have representation 

t 

(1.14) u(t) = S»_ e u(e) - J S»_ s (F(u(s)) - f(s))ds,te [e,T 2 ]. 

£ 

for u it is enough to show that each term of this representation is Holder continuous. 

Similarly to (11.131 ) we have 

(1.15) 

1 | d d i 

sup t 2 4 P |F(u(t))| LP(0)]Rd ) < sup sip |u(a)| £ 2 P(0iR d } sup s 2 \u(s)\ H i, 2p{0tRd ) 
te[o,T 2 ] s s 

t 

and it follows by proposition 4.2.3 part (i), p.130 of EH that / S^_ s F(u(s))ds G 

o 

C^~^(0,T 2 ;L p (O,R d )). Similarly, we have that / S?_J(s)ds G 

C e (0, T 2 ;L p (0, R d )) and the result follows. □ 

Corollary 1.6. Suppose that assumptions of the corollary (11.51 ) are satisfied. As- 
sume also that f G C e ([e,T], H k ' p (0,R d )), Ve > O for some k G N. 77je?i 
u G C e ([£,T],tf fc+2 >P(0,M d )) nC 1+e {[e,T},H k 'P(0,R d )), Ve > 0. 

Proof. We will show the result for k = 1. General case follows similarly. We have 
that u(t) G L 2p (0,R d ),t > 0. As a result, following the proof of the previous 
corollary we can get that 

(1.16) u G C e {[e,T],H 2 ' 2p {0,R d )) n C 1+e ([e, T],L 2p (0, R d )),Ve > 0. 
Therefore, we have following estimates for nonlinearity 

\F( u )\c 9 ([£,T],LP(0,R d )) - \ u \L°°(e,T;L 2 P(0,R d )) I ^ u \c ([s,T],L 2 P(0,R d )) 
(1-17) +\^ u \L°°(s,T;L 2 P(0,R d ))\ u \c e ([e,T],L 2 P(0,R d )) < 00 
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where we have used (11.16I ). Furthermore, 

\VF( u )\c e ([e,T],LP(0,R d )) - ^\^ u \L°°(e,T;L 2 P(0,R d )) \^ u \c° ([e,T],L 2 P(0,R d )) 
(1-18) + \u\L°°(e,T;L 2 P(0,R d )) I ^ u \c ([e,T],L 2 P(0,R d )) 

+ \^ u \L°°(£,T;L 2 P(0,R d ))\ u \c ([e,T],L 2 P(O,R d )) < °°> 

where we have used (I1.16I ). Thus, combining (11.171 ) and (11.181 ) we get F(u) G 
C e ([e, T], H l ' p ), Me > 0. In the same time, by assumption we have that 
/ G C e {[e,T],H 1 ' p {0,R d )), Ve > 0. Therefore by maximal regularity re- 
sult, theorem 4.3.1, p. 134 of 01, it follows that u G C e ([e, T], H 3 > p (O, R d )) n 
C 1+e ([e,T],H 1 'P(0,R d )). □ 

In the next lemma we will show that either local solution defined in previous 
theorems is global or it blows up. Let us denote T max maximal existence time of 
solution. 

Lemma 1.7. Assume that u G L p (0,R d ), / G L°°([0,T], Lit (<D,R d ) n 
L p (0,R d )), p > dandT max < oo. Let u G L°°([0, T max ); 27(0, M d )) fee 
maximal local mild solution of Burgers equation (10.2b . TTjerc 



(1.19) limsup|u(t)|^ p(C)IRd } = oo. 

t/Tm ax 



Proof of Lemma \L7\ We will argue by contradiction. Assume that 

(C,M d ) 



(1-20) limsup \u(t)\ 2 LP ( OR d ) < oo. 



a x 

Then there exist T% such that 

(1.21) K i = sup |n(*)|LP(o,Rd ) < oo- 

tEpl,T rao:c ) 

We will show that there exist C, a > such that 

(1.22) |u(t) -u(r)| iP(0jRd ) < C\t — r\ a ,t, r G [T 2 , T maa; ) , 1\ < T 2 < T max . 
Then it follows from dl.201 ) and d 1 .22b that there exist y G L p such that 

(1.23) jam |u(t) - y\ L v[p^ ) = 0, 

*/ J- max 

and we have a contradiction with definition of T max . Thus, we need to show (1 1 .22b . 
Let us show first that there exist T3 < T max such that 

(1.24) K 2 = sup \u(i)\ H i,p( 0)M d ) < 00. 
It is enough to show 

(1.25) sup |Vu(t)| LP(0)R d) < 00, 

t£p3,T m[lx ) 

for some Ti < T3 < T ma;E . Indeed, (11.241 ) immediately follows from (11.211 ) and 
(fL25T) . We have 

i 

(1.26) Vu(t) = VSTuo - y V^_ s (F(«(s)) - /(s))ds. 
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Hence, 

|Vu(i)| LP (0 )R d ) < \VSfUo\LP(0,R d ) 

+ /" |V5' t 1 l s /(s)| i p (c , iIR[i) ds + y |VS , t I/ _ s F(w(s))| £/P(0i ] K(i )ds 



t 

- w + J \t-s\y* 



„ f \ S (t-s)/2 F ( U ( S ))\LP(0,R* ) 

o 

Cpo|xP(0,R<* ) /T , s, 

< 7775 + 2 V* sup /(s) LP(o,a<i ) 

+ °y i t _ s ii/2+d/(2p) ds 





C| u olz,p(0,R d ) 

T ^ V I 

se[o,t] 

t 

K*) li>(0,R d ) 



< 7775 + 2 vi sup |/(s) iP(OR d) 



„ /" I«(*)Ilp(0,R") . mi 
+ C 7 U _ g |l/2+d/(2 P ) l VM (*)l^(O.R d ) ds 







Cl«o|£P(0,Rd ) /- 

< 7775 + 2 vi sup \f{s)\ LP{ORd) 

t ' se[o,t] 



t 

(1.27) + / , 1/2+d/(2p) <k, 



o 



where second and third inequalities follow from (11.61) . forth inequality follows from 
Holder inequality and assumption (11.211 ) is used in the fifth one. Now if | + ^- < 1 
(i.e. if p > d) we can use Gronwall inequality ( flOl , Lemma 7.1.1, p. 188) to 
conclude that the estimate (11.251) holds. Thus we get an estimate (11.241) . 
Now we can turn to the proof of (1 1 -22b - We have 



(1.28) 



u(t) - u(r) = SUu{r) - u{r) + / S?_ s (f(s) - F( U (s)))ds 
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Then 



\u(t) - u(T)\ LP{0)Rd } < \S?_ t u(t) - n(r)| iP(c , iK d ) + \J St- s f(s)ds\ LP{0)Rd ) 

T 

i 

(1.29) +| J S?_ s F(u(s))ds\ LP{0 ^ ) = (/) + (//) + (ILL). 



First term can be estimated as follows 

t 



(-0 = 1 J vAS"u(s)ds\ L p( 0tU d ) < v J \VSs(Vu(s))\ LP ( OM d )ds 

T T 

(1.30) < v j I^W.^) ^ < !f 2t i/2| t _ T |. 

T 

For the second term we have 

(1.31) (10 < sup |/(s)| LP(c , >M d ) |t-r|. 

se[r,t] 

Third term is estimated as follows 

\ F i u ( s ))\LP/ 2 {0,R d ) j„ ^ /" M0lLP(O,R d )l Vn ( t )lL P(C,lR d ) ^ 



J 1+ <j| 2b i/ 



_d_ 

It — S\ 2 P J \t — s\ 2 p 

(1.32) <CKl\t-T\ l ~^ : 



where first inequality follows from dl.61 ), second one follows from Holder inequal- 
ity and the last inequality follows from estimate (11.24I ). 

Combining (QUI) . (fT3TT) and (fL32l) we get (fL22l . □ 



Remark 1.8. Authors believe that the Lemma [T77l holds also for the critical case of 
p = d. It would be interesting to prove this fact. 



2. Global existence of solution on the torus T d 

In this section we establish main results of the article. First, we will show that 
there exist global solution of Burgers equation on torus. 

Theorem 2.1. Fix p > d. Let 9 G (0,1), u G L p (T d ,R d ), / G 
L°°([0,T],Z,f (T d ,]R d ) n LP(T d ,R d )), / G L 1 ([0, T]; L°°(T d , IR d )), / G 
C e ([e,T],L p (T d ,IR d )), Ve > 0. Then there exist global solution u G 
C([0,T], LP (T d ,R d )) n C 1 ((0,T];LJ>(T d ,R d )) n C((0, T]; H 2 ^{T d , R d )) n 
C e ([e,r],^(T d ,R d )) n C 1+ %,T],LP(T d ,R d )), Ve > 0. wfticft safw/k? 
Burgers equation (11.121) . 
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Proof of Proposition 12.71 We have according to the Corollary 11.51 that there ex- 
ist local solution on interval [0, T max ). Furthermore, we have by Lemma [TTTI 
blow-up of the solution when t — > T rnax . Thus it is enough to prove LP esti- 
mate uniform on semiinterval [To,T max ) for some To < T max . Fix < 5 < 
T < T max . By Corollary Owe can assume that u G C([e,T], H 2 ' 2p (T d ,R d )) n 
C l {\e, T], L 2p (T d , R d )] )Ve > 0. Define flow 

dX t (x) = -u{T-t,X t {x))dt + y/2vdW t 

(2.1) X Q (x) = x,x G T d ,0 < t < T-5 

Notice that u G C ([5,T], H 2 ' p (T d ,R d )) C C([5, T], C 2 b ' d/p (T d , R d )) and, 
therefore, the flow is correctly defined and does not blow up. Now we will 
deduce Feynman-Kac type representation for solution of Burgers equation. Let 
{u e } £ >o £ C l ([5, T], C 2 (T d , R d )) be a sequence of functions converging to u in 
C 1 ( [<5, T] , L 2p (T d ,R d )) n C{[5,T],H 2 > 2p (T d ,R d )). Such sequence can be con- 
structed, for example, by mollifying of u. Then we have by Ito formula that 

u £ (T - t, X t (x)) = u £ (T, x) + 

t 

(isAu £ (T - s, X a ) - (uV)u £ (T - s, X s ) - -^-(T - s, X s ))ds 

o 

t 

(2.2) +y/to / -^(T-s,X s )dW s ,t G [0,T-S\. 

J OXj 

o 

The last term is a martingale because Vu e G C([<5, T],H l ' p (T d ,R d )) C 
C([S, T] x T d , R d ), p > dby Sobolev embedding theorem. Hence applying math- 
ematical expectation to equality (12.21) we get 



u £ (T,x) =Eu £ (T -t,X t (x)) + 

t 

/du 
E((uV)u £ + -Qf~ vl\u £ (T - s, X s ))ds, t G [0, T - 8] 

o 

Now let us show convergence (w.r.t. norm of L°°(T d ,R d )) of all terms in (12.3 
when we tend e to 0. We have 

(2.4) sup \u £ (T, x) - u(T, x)\ < \u £ (T) - u(T)\ H i, P r rdjRd ) -> 0, e 0, 
jd 

by definition of u £ . Fix t G (0, T — 6]. Similarly, 

\Ku £ (T - t, X t {-)) - Eu(T - t,X t (-))\ LOO(Jd ^d } < 

(2.5) \u £ (T -t)- u(T - t)\ L oo(jd^d ) s= + 0. 
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t 

E(uV)[u £ - u](T - s,X s )ds\ L oo(j d)R d ) < 
o 

t 

sup \u(t)\ L ^ {JdRd) \ / E[|V(u e — u)(T — s, X s )\]ds\ L ao(rdjid \ = (I) 

te[S,T] J 
o 

Denote 

t t 

-/ u{T-s,X a )dX s -u J \u\ 2 (T-s,X s )ds 

M? = e ° o ,t £ [0,T — 6],v > 

M% is a continuous martingale. Indeed, u is bounded continuous function and the 
result follows from Theorem 5.3, p. 142 in |[T5l . We can notice that 

u(T-8) sup |w(t)] ioofT d E d ) 

(2.6) E (MjT) 2 < e te[a < T1 = if < oo 



Notice that by Girsanov type Theorem (see IU5I . p. 180-181) we have that 

Eg(X t {x)) = EM t u g(x + VtoW t ),g € -L p (T d ,IR). 

Thus we have 

E\V{u £ -u)(T-s,X s )\ = EM?\V{u £ - u)(T - s,x + V2uW s ) 

and 



t 

(/)< sup K^iioc^R^VrK/cEiv^-^^-s,^)!) 2 ^) 1 ^! 

*S[5,T] 7 



L°°(T d ,R d ) 





t 



< sup |u(i)| L oo (Td Rd) Vf\{ ( E{M») 2 E\V{u £ - u){T -s,x + y/^Ws^ds) 1 ' 2 ^^ t 
te[S,T\ J 



o 

t 



< sup \u(t)\ Lao rjd Rd WKT( I |E|V(ti e — u)(T — s, x + V2vW s )\ 2 \ L ootjd Rd \ds) 1 ^ 2 
te[5,T] ' 1 " J 



o 



< sup \u(t)\ Loo{TdRd) VKT( \S s [\V(u £ -u)(T - s,x)\ ]| L oo (T d Rd )ds) 1 

t&[S,T] J 

o 

t 

< sup \u(t)\ L ^n d Rd) ^KT( \S^[\V(u £ -u)(T - s,x)\ 2 ]\ H i, PiTd Rd) ds) 1/2 

te\s,T] J 

o 

t 

sup \u{t)\ L oo ( jd jRd) VKT( / _|[|V(«b -u)(T- s,j;)| 2 ]| LP(T d iMd } (is) 1/2 



< 

te[5,T] 
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S\S.T\ J S 1 ' 2 



< 

te[s,T] 



< sup \u(t)\ L oo/ T d Rd) "/KT* sup \u e - u(s,x)\ Hh2p(T d M d ) 0, t € (0,T 

te[5,T] se[5,T] 

t t 
Thus we have shown convergence of f E(itV)n e (T — s, X s )ds to J E(uV)-u(T — 

o o 
s, X s )ds in L 00 (T d , M d )-norm. Similarly, we have 



| J E(u' e -u')(T-s,X s )ds\ L 
o 

t 

= | J EM^(u' £ - u')(T -s,x + V2^W s )ds\ Laa{ j d)Rd ) 
o 

t 

< \VT(J(ElM»(ui-u')(T- S ,x + V^W s )]) 2 ds) 1 / 2 \ L ^ d<Rd) 
o 

t 

<Vf\J E(M^ 2 E[\(u' £ -u')(T- S ,x + V2^W s )\ 2 ]\ l ^ {TdMd) 
o 

t 

<VTK\ J 5ni«-n')(T- S ,x)| 2 ]d S |^ (Tdiffid) 
o 

t 

< V¥k( J \S»[\(u' e - u'){T - s, x)\ 2 }\ Hl , P(Td)Rd ^s) 1 ' 2 



jTK, f ||<-nf (-r- s ,xj| LP(W) ^ )1/2 
J s 1 / 2 



< 



(T — s, x)\ LP (jd^ d ) 



<^KT 3/4 sup \u' e (s) — v! (s)\ L 2 V (jd R d)->0,e->0,te(0,T- 5]. 



12 BEN GOLDYS, MISHA NEKLYUDOV 

For the last term we have an estimate 

t 



| J E(Ait e — Au)(T — s, X s )ds\i i < x >(jd 
o 

t 

= | J EMg(Au E - Au)(T - s,x + V2vW 8 )ds| £ 
o 

|Vr( y (E[M^(A« £ — Au)(T — s,x + V2vW s j\) 2 ds) 1 l 2 \ 
o 

< a/T | y E(M s t/ ) 2 E[|A(n e -n)(T-s,rr + \/2^W s )| 2 ]| 


i 

< VTK| y S?[|A(u e -u){T-s,x)\ 2 ]ds 
o 

t 

< v/ftf( / A(n £ - u)(T - S , x)\ 2 }\ m , P(Td>Rd ^s) 1 ' 2 



2l^„lV 2 

L°° 







< f II A(n £ - M )[ (T — s, x)\ LP(Jd>Rd ) /2 

- y s i/2 
o 

< \[~KT 3 ^ sup |n e (s) -u(s)| H 2, 2p(X d Md) ^0,e^0,t e (0,T-<5]. 

se[s,T] 



Thus, we have shown that we can tend e — > in equality (12.31) . As a result we get 

u(T,x) = Eu(T - X t (x)) + 

E((uV)u + -q^~ vAu(T - s, X 8 ))ds, t e [0, T - 5}. 

o 

Put i = T - 5 in equality $2J$ . We have 

u(T,x) = Eu(5,X t (x)) + 

T-5 

(2.8) y Ef(T-s,X s )ds. 

o 

As a consequence we immediately get 

r 

(2.9) \u(T)\ L oo < \u(6)\l°° + / \f(s)\ LX( jdjs>d)ds. 
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Therefore, because torus is compact we have L°°(T d , R d ) C L p (T d , R d ) and 

T 

(2.10) \u(T)\ LP (jd A d ) < C(|n((5)| LO o (T d iM d } + J \f(s)\ L ^(jd yR d jds). 

o 

Since u G C((0,T], H 1 ' p (T d ,R d )) and 5 > is arbitrary small we have 
\u(S)\ L00 (jd )M d) < \u{6)\ H i, P (ydj Si d ) < oo. Tending T -> T ma:c in fl2T01> we 
get our estimate. □ 

The case of Burgers equation in Euclidean space is much more difficult because 
L°° estimate does not allow us to deduce estimate in LP . In this case we have only 
following "conditional" Theorem. 



Theorem 2.2. Fix p G (d, oo). Assume that u G L°° (0, T; L p (R d , R d )),VT < T 

(To ij swc/j that lim sup |ti(t)|? p = oo) local solution of Burgers equation such that 

t/T 

u G C l > 2 ({ti,T] x M d ),n(0) = u G L p (M d G L p (0,T;L p (M d ,R d )) n 

C ' 1 ^,! 1 ] x M d ), div/ G L°°(0, T ; L°°(lL d )). Assume also that 

(2.11) a; = curluG J L oo (0,r ;L oo (R d )), 

and for any 5 > ?/jere ex/sfs < t<5 < <5 smc/i f/ia? div u satisfies following growth 
condition: 



(2.12) 3c> liminf e~ cR2 \ max divufa:,*)] < 0, VT < T , 

-R^oo >|=R,t6[tj,T] 

(2.13) 30 < t < Tsupdivu(t ,x) < M < oo. 

X 

Furthermore, we assume that u has no more than linear growth at infinity: 

max |ii(x,i)| 
miA\ r \x\=R,te[t s ,T] virr^rj, 

(2.14) limsup < ooVT < To. 

Let K = p + M + | 

w lL 00 (0,To;L 00 (R ti )) I ^IV f\L°°(0,To:L°°(M. d ))• Then Tq — OO. 

Moreover, ifK>0we have 



<t)\*^ d) + Mp-l) / / ^|ut- 2 (s,*)|W(s,x)|W S 



Rd 1 
t 



(2-15) < \u \ p LP e Kt + J \f(s)\ p - jP e K ( t ~ s ^ds,t G (0, oo). 

o 

Furthermore, if K < we have 

t 

(2.16) K*)|£ p(Rd iRd } < \u \ p LP e Kt + J \f(s)\ p LP e K ^ds,te (0,oo). 

o 

Remark 2.3. Similar condition for Navier-Stokes equation is called Beale-Kato- 
Majda condition (see [14J). 
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Remark 2.4. In the case when compatibility conditions are satisfied and we have 
that divu G C([0, T] x R d ) we can put to = in the condition (12.131) . 

t 

Remark 2.5. If K < and J \f(s)\ p LP e K ^~ s ^ds — > 0, t — ► oo than we immediately 

o 

get that it(£) — > 0, t — ► oo in LP norm. 



Proof of Theorem 12721 Assume To < oo. Fix to > such that 

(2.17) supdivu(t ,2;) < M + 1 

and 

(2.18) liminf e~ cR2 \ max divit(x,t)l < 0, VT < T . 

i?-+oo \x\=R,te[t ,T] 

Existence of such to follows from (12.131 ) and (12.12l) .Let us multiply i-th equation 
of system (10.11 ) on sgn(u l )\u t \ p ~ 1 , i = l,...,d, take a sum w.r.t. % and integrate 
w.r.t. to space variable. We get 

(2.19) = J ^2\ Ui (t,x)\ p divudx + p J J^/ i sgn(u i )|u i | p - 1 dx 

Fix ii > to- Integrating w.r.t. to time from t\ to t and applying Young inequality 
we get 

t 



K*)i£ P{Rd , Rd) +^b-i) y y ^t^miv^^ 2 ^ 

t 

*1 Rd * 

i 

y y \u l (s, x)\ p divu(s, x)dxds 

tl Rd i 

t t 
<\u(h)\ p LP{Rd jRd) + J \f(s)\ p LP ds + (p- 1) y |w(s)|^ds + 



(2.20) y y ^|-u i (s,x)| p divn(s,x)(ix(is. 



Now let us denote r = div u.Taking div of equation (10.11 ) we get 

(2.21) + (uV)r - i/Ar + |Vd 2 - Icurlnl 2 - div / = 

at 



BEALE-KATO-MAJDA TYPE CONDITION FOR BURGERS EQUATION 15 



Indeed 



Eft,, du^ 



dx 3 dx l 

sr^,du l .n du 1 ,dv? du l , 
= (nV)d 1 v. + ^(^ + ^-(^--^-) 

(2.22) =(-V)div.+ |V.| 2 -j:(^;-g) 2 

*<i 

Let us denote 

£> = G [t ,T] x M d |r(t,x) > 0}, 

D + = {(t,x) G [t ,T]xR d \r(t,x) > 0, | Vu\ 2 (t, x)-\ cuvlu\ 2 (t, x)-div / > 0}, 

D~ = {(t,x) G [t ,T]xR d \r(t,x) > 0, | Vu\ 2 (t, x)-\ cuv\u\ 2 (t, x)-div / < 0}. 

Then D = D + U D~ and we have that 
(2.23) 

r(t,x) = divu(t,x) < \Vu\(t,x) < | curlu|(t,x) + | div/|, (t,x) G D~ . 
Furthermore, for all (t, x) G D + we have that 

(2.24) uAr - (uV)r - — = \ Vu\ 2 - |curlu| 2 - div / > 0, 

u has no more than linear growth on the set [to, T] x R. d because u G C 1,2 ([io, T] x 
M rf ) and condition (12.141 ) is satisfied. Moreover, condition (12.181 ) is also satisfied. 
Therefore, by Phragmen-Lindelof principle (see [6], chapter 3, section 6, theorem 
10 and remark (i) after the proof of thm. 10) we have that 

f(t, x) < max( sup divu(to,y), sup r(s,y)) < sup divu(to,y) 

yeR d s<=(t ,T),y<=dD+ y£R d 

+ sup I curlu(s, y)\ + | div f\ < M + 1 

s<=(t ,T),y£dD+ 

(2.25) +| curln| i0 o( 0jTo;i oo( R d )) + | div/| i c= ( ,To;L °(R d ))> 

{t, x) G D + n {t < t < T, x G R d }. 

Combining estimates (12.231 ) and (12.251) we get 

(2.26) r(t, x) = divu(t,x) < M + 1 + | curl-u| LO o( 0jro;Z/ oo( Rt i \) 
+ | div /| LOO(0 ,To;L-(Rrf )), (*, x) G L> n {i < t < T, x G R d }. 
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Thus, combining estimate (12.261 ) and inequality (12.201 ) we get 



Ht)\ p LP{Rd Rd) + Mp-i) J J Yl\ ui \ p ~ 2 ( s > x )\ Vui ( s > x )\ 2dxds 

t 

(2-27) < Kii)li P(Rd)Rd) + J \f(s)\ p LP ds 

h 

t 

+ J (p + M + |curln| LO o (0iTo;LOO(R d )} + | div /| L °o (0iTo;L oo (R d )} )Ks)|£ p ds 
h 

Denote K = p + M+ M L °°(o,r ;£°°(iR d )) + I div f\L°°(o,T ;L°°(R d ))■ Then we can 
rewrite (12.271 ) as follows 

\ u (t)\r,prud ) ~~ l u (*i)li> (Rd )R d ) 

+ up(p-l) f I J2\ u T~ 2 ( s > x )\Vu\s,x)\ 2 dxds 



t t 



(2.28) < J \f( s )\ p LP ds + J K\u(s)\ p LP ds 

h ti 

Dividing (12.281 ) on (i — ii) and tending ii to t we get 

|Ki)l p LP(K d iM d) + Mp-i) jY.\ u T- 2 (t^)\Vu\t,x)\ 2 dx 

(2.29) < \f(t)\ p LP +K\u(t)\ p LP ,te (to,T). 
Denote 



«(*) = K*o)| P LP(R d , R d )e^ (t - t0) + y |/00|£ pe ^- s )cM € [i ,T]. 

to 

Then u(t ) = |«(to)|?-mid rod > and 



) 

d_ 

dt' 

\p 



(2.30) -v(t) = \f(t)\ p LP + Kv(t),te[t ,T]. 



Consequently, \u(t Q )\ p LP( ^ d ^ } - v(t Q ) = and 
(2.31) ^-(\u(t)\ P LP{Rd jRd } - u(t)) < if (K*)|£ p(Rd >R d ) - «(*)),* E (t ,T), 
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Therefore, by Gronwall lemma [37X1 we have that 
(2.32) 



t 



Ht)\ p LP(Rd iRd } < Wt )\ P LP{Rd iRd f K{t -^ + J \f(s)\ p LP e K ^ds,te [t ,T]. 



to 



Tending to to we get inequality (12.16I ). Furthermore, in the case of K > 0, 
inserting inequality (12.321 ) in the right part of inequality (12.271 ) we get 



t 



u (*)I£p(r«i nd) + Mp-l) / / ^|uf- 2 (s,x)|V^( s ,x)| 2 dx(i s 



*0 R d 



z 

(2.33) < \u{t Q )\l md >Rd )e *<*-*> + | |/( S )|£ p e*^cM e [to,T]. 

to 

Tending to to we get inequality (12- 15b - Tending t to To we get contradiction. □ 

Corollary 2.6. Fix p > d. Assume that u G LP(R d ,M d ), f G 
L°°([0,r],L^(R d ,M. d )nL p (R d ,m d )), f G C e ([e,T],tf 4 > p (IR d ,R d )), Ve > 
0, div/ G L°°(0, T; L°°(M. d )). TTjctz f/zere en'ste unique local solution u G 
L°°(0,To;LP(]R d ,M d )) n C7 1 ' 2 ((0,T ] x R d ) for some T < T. Furthermore, 
if this local solution satisfies conditions (12.1 lb , (12.121 ). (12.131 ) on interval [0, To] 
than it is global solution i.e. Tq = T and energy type inequality (12.151 ) is satisfied 
(with corresponding p). 

Proof of Corollary 12. 61 Existence of local solution follows from Corollary 1 1.61 Lo- 
cal solution satisfies condition (12.141) by Sobolev Embedding Theorem (Proposi- 
tion 2.4, p. 5 of [18]). Now Proof immediately follows from Lemma [l~7l and Theo- 
rem [O □ 



Remark 2.7. It is possible to prove in the same way similar theorem and corollary 
for torus. In this case, conditions (12.121) . (12.131 ) and (12.141) will disappear. 

Remark 2.8. If initial condition no and force / are irrotational (i.e. curl no = 
curl / = 0) than curl u(t) = and condition (12.111 ) is satisfied. 

Remark 2.9. Let us consider case d = 2 and assume for simplicity that div / = 0. 
Then on the boundary of D + we will have that 

|Vu| 2 (t,x) = | curlu| 2 (t, x), (t,x) G dD + . 

Therefore, we can deduce that 

2det Vn(t,x) = (divn) 2 (t, x), (t,x) G dD + . 

Similarly, we would get 

2det S7u(t,x) > (dwu) 2 (t,x), (t,x) G D~. 
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As a result, one can consider instead of the assumption that vorticity is bounded, 
assumption that jacobian is bounded. It would be interesting to understand phys- 
ical meaning of such assumption. It would also be interesting to acquire better 
understanding of the structure of the boundary dD + . 

Remark 2.10. If we consider 2D Navier-Stokes equation without force then equa- 
tion for pressure has form 

Ap = -2detVv, 

where p is a pressure, v is a velocity. As a result, we have that p is a subharmonic 
(resp. superharmonic) function if v conserves (resp. changes) orientation. It would 
be of interest to understand physical consequences of this fact. 

In the next theorem we show the application of the Corollary 12. 61 to the Kardar- 
Zhang-Parisi (KZP) equation. We formulate it for torus to get rid of the assump- 
tions on behavior of the solution when \x\ — > oo. 

Theorem 2.11. Fix p > d. Let ip 6 H 1 *^), h G L°°([0, T], H 1 ' 3 ? (T d ) n 
H l >P(T d )), h G C 9 ([e,T],H 5 >P(T d )), Ve > 0, Ah G L°°(0, T; L°°(T d )). Then 
there exists unique solution ^ v G C(0, T; H 1 ' p {T d )) n C 1 ' 2 ^, T] x T d ) of equa- 
tion 

(2.34) ^ + |v^| 2 = vAi\) v + h 

ot 

(2.35) f(0)=4iG[0,2l,i/>0. 
Furthermore, 

t 

(2.36) \r(t)\ P HltP < \H P m,P eKt + J \Hs)\ P Hhp e K ^ds,t> 0, 

Q 

where K = K(h,p, ipo). 

Proof of Theorem \2.11\ Proof immediately follows from Corollary I2.6l and the fact 
that gradient of solution of KZP equation is a solution of Burgers equation. □ 

We can notice that estimate (12.361 ) is uniform w.r.t. v. This leads us to the 
following Corollary. 

Corollary 2.12. Fix p > d. Let Vo G fl" 1 *(T d ), Vh G L l (Q, T; L°°(T d )), 
Ah G L°°(0, T; L°°(T d )). Then there exists unique viscosity solution tp G 
C(0, T- H l *{Y d )) of equation 

(2-37) ^ + |VVf = h 

(2.38) #) = ^o,ie[0,T]. 
Furthermore, 

t 

(2.39) \mf m , P < \H P m , P e Kt + / \h( S )\ P HUp e K ^- s Us,t > 0, 
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where K = K(h, p, d, ^q). 

Remark 2.13. The main point of this corollary is an estimate ( 12.391 ). Existence and 
uniqueness of viscosity solutions has been shown in many works (see survey H, 
books iPTl.lfll and references therein). 

Proof. We can find h v £ L°°([0,T], H 1 ^ (T d ) n H 1 *^)), h u £ 
C {[e,T],H 5 'P(T d )),Ve > 0, Ah u £ L°°(0, T; L°°(T d )) such that 

T 

J \Vh v (s) - Vh(s)\ Lac{Td) ds -> 0, f 0. 
o 

Let {V^Wo £ C(0,T; J ff 1 >P(T d )) n C X > 2 ((Q,T] x T d ) be sequence of solutions 
of the system (12.34l) - (12.35l) where we use h v instead of h in equality (12.34b - Since 
H l ' p (T d ) C C(T d ),p > d and estimate (12.361 ) we have uniform w.r.t. u estimate 

(2.40) W?cq,t>,cV*)) ^ K(T,i/> ,h,d),T > 0,p>d. 

Then according to Theorem 1.1, p. 175 in Q we have that there exist uniformly 

bounded upper continuous subsolution tp* = lim sup i/j u and uniformly bounded 

* 

lower continuous supersolution ip* = lim inf tp u of system (I2.37b - d2.38b - There- 

fore, by comparison principle for viscosity solutions of Hamilton- Jacobi equations 
(see Theorem 2, p.585 and Remark 3, p. 593 of 0), tp* < if)* and ip = t/j* = ip*. 
Thus, ip u locally uniformly converges to unique viscosity solution ip of equation 
(I2.37N2.38I ). Estimate (12.36b implies that if) satisfies d2.39b - □ 

3. Appendix 

Let S be an interval of the real line of the form [a, b] or [a, oo) with a < b. 
Denote S interior part of 5. 

Lemma 3.1 (Gronwall lemma in differential form). Let u, [3 £ C(S), u is differ- 
entiable in S and 

u'(t) < 0(t)u(t),t £ S. 

Then 

u(t) < u(a)e a 

Remark 3.2. Notice that there is no assumption that (3 is nonnegative. 

t 

f/3(s)ds 

Proof of Lemma 1X71 Let v(t) = e a ,t £ S. Then 

v'(t) = (3(t)v(t),t £ S. 
Notice that v(t) > 0, t £ S and, therefore, 

d u(t) u'v — v'u duv — Bvu ■ 

^4tt = 2 — ^ - — r^— = °-* G 5 > 

at v(t) v z v A 
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i.e. 



u(t) u(a) , . 

-TT < -7-T = "(<*)> 

v(t) ~ v(a) 

and the result follows. □ 
Proof of Theorem 17771 Denote 

Qt = {«£ <?([0,T];X) nC((0,T],y) nC((0,T];Z)\\u\ QT < 00} 



where 



IQt = II • \\C([0,T];X) + SUp t b \u(t)\ Y + SUp t C |-u(t)| Z . 

te(o,T] te(o,T] 



Then is a complete metric space. 

Fix tj £l,9e L°°(0, T; W) and let a, (3 and 2\ > be such that 

t 

(3.1) \RtUo + J Rt- S gds\ x <a,te (0,T]. 



t 

(3.2) t b \Rtu + J Rt- s gds\ Y < P, 



t 

(3.3) t c \R t u + J Rt-sgdslz^P^e^Tt}. 



Existence of a satisfying (13.11 ) follows from the fact that {Rt}t>o is Co-semigroup 
in X and following estimate 

t t 

(3-4) I j Rt- S gds\ x <cj l 0^ds < CM^o^i 1 - . 



Estimate (13.41 ) and assumptions b) and c) of the theorem imply that for any (3 > 
inequalities (13.21 ). (13.31 ) are true for all sufficiently small T\ > 0. 
Let 

M(a,p,T) = \ u£Qt\\u\ c([ o,t];X) < 2a, sup t b |n(t)|y < 2(3, 
{ te(o,T] 



sup t c \u(t)\ z < 2(3 



Then M(a,f3,T) endowed with norm Qt is also complete metric space and we 

will show that if (3, T = T\ > are small enough than the map T : u ^ RtUo + 
t t 

f Rt- S gds + f Rt- s G(u(s))ds is a contraction on M(a, (3, T). 
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We have by (11.11 ) following inequality 



t 



\T{u) - F{v)\x{t) < J \R t -s(G(u) - G(v))\ x ds 
o 

t t 
<c f ~ G ( v )\w(s) d „ < r \u(s)\ Y \u - v\ z + \v(s)\z\u - v\ Y ^ 

-J \t-s\ a S ~ J \t-s\ a 



< C{ [ S b Ws)\YsC\ U -v\ Z } 8°\V{S)\Z\U- V\Y 

~ J s b+c \t - s\ a J s b+c \t - s\ a 



(3.5) <C/3|n- W |Q t i Ma+6+c) . 
Similarly, 

t 

t b \F(u) - Hv)W{t) <t b J \R t -s(G(u) - G(v))\ Y ds 

o 

< a „ f |fi„-, l/2 (G W - C(i .))b f KQW-owilw^, 

(i-s) 6 J (t-s) a+b 



t 

< Cf b J \u(s)\ Y \u - v\ z + \v(s)\z\u - v\ Y dc 



\t - s\ a+b 



< ^ / s> i s ^ clu rJ z + / gC| i! s i lzl "r+i y ^ 

V s b+c \t - s\ a+b ' J s b+c \t - s\ a+b 



(3.6) <C7 / 9|u-u|g t t 1 -( a+6+c ). 
and 

(3.7) t c \T(u) - Hv)\z(t) < Cf3\u - <;| Q /-( a+6+c ). 

Combining ( |3.5I >, ( 13.61 ) and (13.71 ) we get that if < A t hen J 7 is a contraction on 
Qt- Furthermore, it follows from inequalities (13.4I ). (13 - lb . (13.21) and (13.31) that JF is 
a map from M(a, /3, T) to M(a, /3, T). Thus there exists a unique fixed point u of 
the map T : M(a, f3, T) — > M(a, j3, T). It remains to show that u has designated 
asymptotic behavior when t — * 0. It can be done in the same way as in |[T2l . 
p.223-224. 

□ 
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